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QCD Laplace sum-rules are used to calculate axial vector (J PC = 1 ++ ) charmonium and bottomonium hybrid masses. 
Previous sum-rule studies of axial vector heavy quark hybrids did not include the dimension-six gluon condensate, 
which has been shown to be important in the 1 and 0~ + channels. An updated analysis of axial vector heavy quark 
hybrids is performed, including the effects of the dimension-six gluon condensate, yielding mass predictions of 5.13 
GeV for hybrid charmonium and 1 1.32 GeV for hybrid bottomonium. The charmonium hybrid mass prediction dis- 
favours a hybrid interpretation of the X(3872), if it has J PC = 1 ++ , in agreement with the findings of other theoretical 
approaches. It is noted that QCD sum-rule results for the 1 , CT + and 1 ++ channels are in qualitative agreement with 
the charmonium hybrid multiplet structure observed in recent lattice calculations. 
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1. Introduction 

Hybrids are mesons that include explicit gluonic de- 
grees of freedom. These can have non-exotic J PC and 
hence may coexist with heavy quarkonia. The numerous 
charmonium-like and bottomonium-like "XYZ" states 
discovered since 2003 Ul have inspired the search for 
hybrids within the charmonium and bottomonium sec- 
tors 

In Ref. 10] QCD Laplace sum-rules were used to per- 
form mass predictions for axial vector (J PC = 1 ++ ) 
charmonium and bottomonium hybrids. The flux tube 
model predicts the lightest charmonium hybrids at 4.1- 
4.2 GeV [8]. Lattice QCD JMl yields quenched 
predictions of about 4.0 GeV for the lightest charmo- 
nium hybrids, and unquenched predictions of approxi- 
mately 4.4 GeV for 1 ++ charmonium hybrids in partic- 
ular. Refs. [fl^fll comprise the first studies of heavy 
quark hybrids using QCD sum-rules. Multiple J PC in- 
cluding 1 ++ were examined; however, many of the re- 
sulting sum-rules exhibited instabilities, leading to un- 
reliable mass predictions. Refs. lfl5l [l6ll re-examined 
the 1 and 0~ + channels respectively, finding that 
the dimension-s ix gluo n condensate which was not in- 
cluded in Refs. jl2l4l4ll stabilizes the sum-rules in these 
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channels. Motivated by these results, we have investi- 
gated the effects of the dimension-six gluon condensate 
for axial vector heavy quark hybrids using QCD Laplace 
sum-rules [7]. The resulting mass predictions are dis- 
cussed with regard to the nature of the X(3872) and in 
relation to the charmonium hybrid multiplet structure 
suggested by recent lattice calculations ll ill . 

2. Laplace Sum-Rules for Axial Vector Heavy 
Quark Hybrids 

The correlation function used to study axial vector 
( J PC - 1 ++ ) heavy quark hybrids is given by 



= if d 4 xe i<lx (0\T [^(jc)j v (0)] |0) 



(1) 



with Q representing a heavy quark field [12]. The trans- 
verse part FIv of ([TJ couples to 1 ++ states 

iVte) = - gMV j iW) + ^n s ( q 2 ) . (3) 



In Refs. 1121 11311 the perturbative and gluon conden- 
sate (a G 2 ) = (aG^ v G^ v ) contributions to the imaginary 
part of IIv(g 2 ) were calculated to leading order. The 
Feynman diagrams for these are represented in Fig. Q] 
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Figure 1: Feynman diagram for the leading-order perturbative and 
(o-G - ) contributions to Ify. The current is represented by the ® sym- 
bol. 



For brevity only imaginary parts of the perturbative 
and (aG 2 ) contributions are given; the full expressions 
may be found in Ref [7]. We find 
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Expressions (0]i and (0 are in complete agreement with 
the corresponding integral representations given in [y3l 

a. 



The dimension-six gluon condensate (g G ) - 
(g^fabcG^GvaG^) contributions are now determined 



„ ^ y K u ^ 

These were not calculated in Refs. 112111311 . and are rep- 
resented by the diagrams in Fig. [2] The full expression 
for these contributions is 





Figure 2: Feynman diagram for the leading-order (g 3 G 3 ) contribution 
to IIv. Additional diagrams related by symmetry are not shown. 
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The imaginary part of © is 
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which is singular at z = 1 . This poses a problem since 
the sum-rules will involve integrating from z = 1 . 
Below it will be shown how this difficulty can be over- 
come. 

We now formulate the QCD Laplace sum-rules 1117 , 



1811 . Using a resonance plus continuum model for the 
hadronic spectral function 



p(t) = p had (f) + 6(t - s„)ImlI QCD (t) , 



the Laplace sum-rules are given by 



(8) 



i r°° 

£f CD (T,s )=- t k exp[-tT]p h * d (t)dt, (9) 

where to is the hadronic threshold. The quantity on the 
left hand side of (0 is given by 



4 cd (t,s )J-b [(-if e 2 *n v ( G 2 )] 



i r 



(10) 



r exp [-tr] lmllv(0 dt , 



where Q 2 = -q 2 and Sq is the continuum threshold. B is 
the Borel transform, which is closely related to the in- 
verse Laplace transform [ 19]. The singular terms in (0 
that are irrelevant for are, however, relevant for the 
inverse Laplace transform. It is the inclusion of these 
terms that allows the integration of (0 from z = 1 to 
be defined as a limiting procedure. Thus the imaginary 
part (0 is insufficient to formulate the sum-rules for 1 ++ 
hybrids, as found for 0~ + hybrids 111 60 . 

From the results for the leading order perturbative 0J, 
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(aG 2 ) (O, (g 3 G 3 ) (O and (0 contributions, we find 

p.s /4m 2 
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£? CD (T^o) = -^X n QCD (r,, ). 



(11) 
(12) 



The mass and coupling are functions of the renormal- 
ization scale fi in the MS-scheme. After evaluating the 
t derivative in (fT2l . renormalization group improvement 
may be implemented by setting fu — 1 / yfr 112011 . 

3. Analysis: Mass Predictions for Axial Vector 
Heavy Quark Hybrids 

To make mass predictions for axial vector heavy 
quark hybrids we utilize a single narrow resonance 
model 

-p had (t) = f 2 s(t-M 2 ) . (13) 

Inserting ( ITJb in (01 gives 

£% CD (t, s ) = f 2 M 2k exp (-M 2 r) , (14) 

which can be used to calculate the ground state mass M 
via the ratio 



M 



, _ -Cf CD (t, sq) 

' _ X QCD (T, S0 ) 



(15) 



Before using (TT~5T > to calculate the mass, the QCD in- 
put parameters must be specified. For the charmonium 
and bottomonium hybrid analyses we use one-loop MS 
expressions for the coupling and quark masses: 



a(fi) 



a{M T ) _ ( a(fi) \b 



a(M z ) 
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(16) 



The numerical values of the QCD parameters are given 
in Tabled 



a (M T ) 


0.33 


m c 


(1.28 ± 0.02) GeV 


a(M z ) 


0.118 


m b 


(4.17 ±0.02) GeV 


(aG 2 ) 


(7.5 + 2.0) x 10- 2 GeV 4 


(g 3 G 3 ) 


(8.2 ± 1.0)GeV 2 <aG 2 ) 



Table 1: QCD parameters. The quark masses, M T and Mz are taken 
from Ref. (H. The values of a (M T ) and a (M z ) are from Ref. (H. 
Numerical values of the condensates are taken from Ref. 12311 - 



The sum-rule window is determined following 
Ref. lfl7ll by requiring that contributions from the con- 
tinuum are less than 30% of total and non-perturbative 
contributions are less than 15% of total. These criteria 
are then used to constrain the Borel parameter r. This 
leads to the sum-rule windows of 5.3 GeV 2 < 1/r < 
7.3 GeV 2 for the charmonium hybrid and 7.8 GeV 2 < 
1 It < 25.0 GeV 2 for the bottomonium hybrid. 

The continuum threshold Sq is optimized by first de- 
termining the smallest value of sq for which the ratio 
([T5T l stabilizes (exhibits a minimum) within the respec- 
tive sum-rule windows. Then the optimal value is fixed 
by the sq which has the best fit to a constant within the 
sum-rule window. The mass prediction dT3T > is shown 
for hybrid charmonium in Fig. [3] and for hybrid bot- 
tomonium in Fig. |4] 
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Figure 3: The ratio -£^ CD (t, sq) /jS CD (t, so) for hybrid charmonium 
is shown as a function of the Borel scale 1/t for the optimized value 
sq = 33 GeV - (solid curve). The ratio is also shown for sq = 38 GeV - 
(upper dotted curve), .so = 28 GeV 2 (lower dotted curve) and .so — » 
oo (uppermost dashed curve). Central values of the QCD parameters 
have been used. 

We predict the masses of axial vector charmonium 
and bottomonium hybrids to be 5.13 + 0.25 GeV and 
11.32 + 0.32 GeV, respectively. The uncertainties are 
due to the QCD parameter uncertainties given in Ta- 
ble [T] and are dominated by variations in (aG 2 ). This 
is in contrast to the pseudoscalar where variations in 
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Figure 4: The ratio X^ CD (t, sq) /_£? CD (t, so) for hybrid bottomo- 
nium is shown as a function of the Borel scale 1/r for the optimized 
value .so = 150 GeV - (solid curve). For comparison the ratio is also 
shown for io = 170 GeV 2 (upper dotted curve), so = 130 GeV 2 (lower 
dotted curve) and so ~> °° (uppermost dashed curve). Central values 
of the QCD parameters have been used. 



(g 3 G 3 ) dominate II 1611 . These predictions for axial vec- 
tor heavy quark hybrids are in agreement with those of 
Refs. fiafMl . suggesting that the effects of (g 3 G 3 ) are 
less important for the 1 ++ channel than for the 1 and 
0" + channels. 

4. Conclusions 



In Ref. we have studied J PC — 1 ++ heavy quark 
hybrids using QCD sum-rules. For the first time we 
have calculated the contributions from (g 3 G 3 ), which 
were found to be important for the 1~~ II 1 511 and 0~ + IU6I1 
channels. We find that (g 3 G 3 ) has less effect on the 
1 ++ channel, resulting in mass predictions of 5.13 + 
0.25 GeV for hybrid charmonium and 1 1.32 ± 0.32 GeV 
for hybrid bottomonium, in agreement with the range of 
predictions given in Refs. IU31I14I1 . 

The X(3872) has possible J PC assignments of 1 ++ 
or 2~ + _|p4 l 25], but 1 ++ is strongly favoured ll26ll . In 
Ref. B27I1 it was suggested that the X(3872) is a hybrid, 
but this interpretation has been largely ruled out since 
the flux-tube model fl and lattice QCD liMH predict 
that the lightest charmonium hybrids have masses sig- 
nificantly greater than that of the X(3872). If it is shown 
to have J PC = 1 ++ , our mass prediction of 5.13 GeV 
is in agreement with the results of other theoretical ap- 
proaches that disfavour a charmonium hybrid interpre- 
tation of the X(3872). 

In Ref. nilll it is suggested that 0~ + and 1 are 
members of a ground state charmonium hybrid multi- 
plet, while 1 ++ is a member of a multiplet of excited 
charmonium hybrids. The present result and those of 
Refs. (EE] 

seem to be in qualitative agreement with 



this multiplet structure, although the mass splittings 
are significantly larger than those of Ref. 01 ill . Future 
work to update remaining unstable sum-rule channels 
in Refs. B12l4l4ll to include the effects of (g 3 G 3 ) would 
clarify the QCD sum-rule predictions for the spectrum 
of charmonium hybrids. 
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